Abstract. This paper deals with closed-form
INTRODUCTION
In the last decades, scientists have made considerable progress in understanding behavior of composite laminates. It is noticed that anisotropic multilayered structures posses transverse discontinuous mechanical properties and higher transverse shear and transverse normal stress deformability. In order to model such material behavior, two different approaches have arise, that is equivalent single-layer theories (ESL) and layerwise theories (LWT).
In single-layer theories one single expression is used through entire thickness to explain the displacement field of the plate. By this, deformation of multilayer plate is described by equivalent single layer, thus reducing 3D problem to 2D problem. In order to include transverse shear deformation, classical (CLPT) and shear deformation theories have been developed. Namely, CLPT based on Kirchhoff's hypothesis, ignores the effect of transverse shear deformation. On the other hand, FSDT based on Raissner and Mindlin, assume constant transverse shear stresses in the thickness direction, giving a need for shear correction factors to adjust for unrealistic variation of the shear strain/stress. In order to overcome the limitations of CLPT and FSDT, Higher-order Shear Deformation Theories (HSDT) which involve higher-order terms in Taylor's expansion of the displacements in the thickness coordinate were developed. In wish of obtaining the accurate prediction of stress distribution and precisely model kinematics of laminated composites, three-dimensional state of stresses have to be analyzed. Despite conventional 3D elasticity theory, new family of layerwise theories (LWT) have been developed. Naimely, in LWT displacement field is defined for each layer, thus including discrete material and discrete shear effects into the assumed displacement field. Also, it is noticed that LWT models have some analyze advantages over the conventional 3D models. First, as LWT model allows independent in-plane and through the thickness interpolation, the element stiffness matrix can be computed much faster. Second, even the volume of input data is reduced, LWT are capable of achieving the same level of solution accuracy as a conventional 3D models. This paper deals with displacement based on layerwise theory of Reddy (1987) , so called Generalized Laminated Plate Theory (GLPT). The theory is based on piece-wise linear variation of in-plane displacement components and constant transverse displacement through the thickness. The Navier-type closed form solution is presented for simply supported plate loaded by harmonic and uniform distribution of transverse pressure. The main objective is to compare results of the mentioned theory to 2D and 3D theories, and to develop mathematical model that will be more efficient than conventional 3D model.
GENERALIZED LAYERWISE PLATE THEORY

Assumptions
The following assumptions are used in the analysis of plate model: 1. Material follows Hooke's Law and each layer is made of orthotropic material. 2. Strain-displacement relation is linear, i.e. geometrical linearity. 3. Displacement and stress distributions over the z thickness plate direction is determined by Lagrangian linear interpolation functions. 4. The inextensibility of normal is imposed.
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Fig. 2. Multilayer composite plate
Consider a laminated plate (Fig. 2 ) composed of n orthotropic laminae. The integer k, denotes the layer number that starts from the plate bottom. Plate middle surface coordinates are (x, y, z), while layer coordinates are (x k , y k , z k ). Plate and layer thickness are denoted as h and h k , respectively.
The displacements components (u 1 , u 2 , u 3 ) at a point (x,y,z) can be written as: where (u, v, w) are the displacements of a point (x, y, 0) on the reference plane of the laminate, and U,V are functions which vanish on the reference plane:
Let now reduce 3-D model to 2D format, by the following approximations:
where U I and V I are undetermined coefficients, and Φ I (z) are layerwise continuous functions of the thickness coordinate. In the view of finite element approximation, the functions Φ I (z) are the one-dimensional (linear, quadratic or cubic) Lagrange interpolation functions of the thickness coordinates (Fig. 3) , and (U I , V I ) are the values of (u 1 , u 2 ) at the I-th plane.
Fig. 3. Local and global linear and quadratic Lagrangian interpolation functions
If we assume linear interpolation of in-plane displacement components through the thickness, linear Lagrangian interpolation functions will have the form:
Since the displacement field of GLPT is represented as linear combination of product of functions of in-plane coordinates and functions of thickness coordinates, independent in-plane and through the thickness discretization of the plate may be achieved. Also, as the thickness variation of displacement components is defined in terms of piecewise Lagrangian interpolation functions, the in-plane displacement components will be continuous through the laminate thickness. 
From the assumed displacement and deformation field we conclude that in-plane deformation components (ε xx , ε yy , γ xy ) will be continuous through the plate thickness. while the transverse strains (γ xz, γ yz ) need not to be continuous.
Constitutive equations of laminae
Laminated plate is made of laminae having a fibers oriented at an angle θ, measured from the material x to global x axis ( 
where: 
Since all quantities should be referred to a single coordinate system, we need to establish transformation relations among stresses and strains in global system to the corresponding quantities in material (local) coordinate system. The constitutive matrix in global coordinate system will than be of the form:
where:
stress components of k-th laminae in global coordinates
strain components of k-th laminae in global coordinates From equation (9) and already mentioned distribution of strain field through the plate thickness, we conclude (Fig. 6 ) that in-plane stresses will be discontinuous at dissimilar material layers, leaving the possibility for transverse stresses to be continuous through the plate thickness. This transverse stresses are the one that satisfy constitutive relations, 3D equilibrium equations and traction free boundary conditions. The equilibrium equations are derived using the principle of virtual displacements:
Equilibrium equations
where δU is virtual strain energy, δV is virtual work done by applied forces, which are given as: 
Constitutive equations of laminate
The constitutive equations of laminate are given as: 
The reduced governing equations (14) 
The closed form solution that satisfy the boundary conditions 
and differential equations (18) can be found by assuming the following harmonic form for the unknown variables: (20) 2 If we substitute (20) 1 , (20) 2 into the system of 2N + 3equations (18) for each of the Fourier modes (m,n), we will get the following algebraic equations in matrix form: Shear stresses can be computed by assuming quadratic variation of shear stresses within each layer (Fig. 8) . This require 3n equations for each of shear stresses ) , (
, where n is the number of layers. These equations can be obtained from the following conditions:
(1) satisfying traction free boundary conditions at the bottom and top surface of the plate (2 equations):
(2) providing the continuity of stresses along interfaces (n−1 equations): 2 (3) assuming the average shear stresses from the constitutive equations (n equations) : 
The results are presented in the following normalized form: The transverse deflection and stresses are computed at the following locations:
Results are obtained using program CS_GLPT coded in MATLAB.
Example I: Cross-ply plate loaded by bi-harmonic distribution of transverse pressure
A cross-ply plate is loaded by bi-harmonic distribution of transverse pressure: Table 2 . 
CONCLUSION
The proposed mathematical model can be used for analysis of thick, as well as thin plates. It is shown that differences among 2D and 3D theories are greater for transverse shear stresses, than for in-plane stresses. Also, differences among theories vanish by increasing a/h. Finally, as GLPT model is capable to achieve the same solution accuracy as conventional 3D elasticity model, it can be used as test model of approximation models.
